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A subgroup is a subset of a group that satisfies the group axioms. If H

is a subgroup of another group G, it is written as H < G if G contains
some elements not in H , or as H ≤ G if H and G may be the same group.
Some books use the notations H ⊂ G and H ⊆ G, respectively, to denote
subgroups, but these latter two notations can also denote subsets rather than
subgroups. If H <G, H is said to be a proper subset of G.

The order of a group G is the number of elements it contains, and is
written |G|. Lagrange (of Lagrangian fame in physics) proved a useful little
theorem about the orders of subgroups.

Theorem 1. For any finite group G, the order |H| of a subgroup H is al-
ways an integer factor of the order of G. That is, if m = |H| and n = |G|,
then n

m is always an integer. The proof is instructive, so we’ll run through
it here.

Proof. Let the elements of H be denoted by hi and the elements of G not
also in H by gi. Since H is a group, it contains the identity I . Consider the
set of elements given by

H ′ = {h1g1,h2g1, . . . ,hmg1} (1)
That is, we form the set by right-multiplying every element in H by some
element g1 that is not also in H . The set H ′ does not form a group. One
way to see this is that H ′ cannot contain the identity element. Since H is
a group, it contains an inverse h−1

i for every element hi, thus if g1 is not in
H , it cannot be the inverse of any of the hi, so none of the elements of H ′

can be the identity.
The claim is now made that all the elements in H ′ are different. We can

see this by contradiction. We suppose that hig1 = hjg1 for some i and j.
If we right-multiply by g1 (which is an element in G but not H), then we
get hi = hj . However, the elements of H are all different (a group is a
set, and one of the set axioms is that no element is repeated), which is a
contradiction.

We can also see that none of the elements of H ′ are in H . For example
if we suppose that hig1 = hj for some i and j, then left-multiplying by
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h−1
i (remember that H contains all the inverses of hi) gives g1 = h−1

i hj .
However, since the RHS is a product of two elements of H,it must also be
in H (by one of the group axioms), which would imply that g1 ∈ H also,
but this is false by our definition above.

At this point, we note that all the elements of H ′ are also in G (since they
are products of elements in G) but not in H . We can now choose another
element g2 ∈G but not in H or H ′ (if one exists), and form the set

H ′′ = {h1g2,h2g2, . . . ,hmg2} (2)
By the same arguments as above, the elements of H ′′ are all different, and
none of them is in H . We can also show that none of the elements of H ′′ is
in H ′. By contradiction, suppose that hig2 = hjg1. Left multiply by h−1

i to
get g2 = h−1

i hjg1. The RHS is an element of H ′ since h−1
i hj is an element

of H , so this would imply that g2 ∈ H ′, which is false by our assumption
that g2 is not in either H or H ′.

We can repeat the procedure of choosing elements gi that are not in H or
any of the previous lists H ′,H ′′, . . . and forming sets by left multiplying gi
by all the elements of H . By the same arguments as above, we can show
that the elements of each of these sets are in G but not in any of the other
lists. Eventually (if G is finite) all the elements of G will be used up in
forming these lists. Each list contains m elements, since each list contains
one element for each of the m elements of H . If we form k lists to use up
all the elements of G, the total number of elements in all the lists H ′,H ′′, . . .
is mk, and this must be equal to the order of G, so we have n = mk and
thus n

m = k is an integer. �

As a consequence of Lagrange’s theorem, we can see that any group with
a prime number of elements has no proper subgroups apart from the identity
itself.

Example 1. Consider the group Z4 of four elements which can be repre-
sented by the 4 (complex) fourth roots of 1. That is, we can write

Z4 = {1, i,−1,−i} (3)
You can verify that Z4 satisfies all the group axioms if the composition
rule is ordinary multiplication. For example, 1 and −1 are each their own
inverse, and i and −i are inverses of each other. The product of any two
members of Z4 gives another element in Z4, and so on.

This has one proper subgroup, which is also Z2, the two square roots of
1:

Z2 = {1,−1} (4)
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Example 2. The group Z5 (the fifth roots of 1) has no proper subgroup
apart from the identity itself. We have

Z5 =
{

1, e2πi/5, e4πi/5, e6πi/5, e8πi/5
}

(5)

Again, you can check that all the group axioms are satisfied. For example
e4πi/5e6πi/5 = e10πi/5 = e2πi = 1 so that e4πi/5 and e6πi/5 are inverses of
each other, and so on.

At first glance, it might seem that we could define a subgroup as{
1, e4πi/5, e6πi/5

}
(6)

Each element in this set has an inverse, and the product of any two different
elements gives another element in the set. However, the product of e4πi/5

with itself gives e8πi/5 which is not in the set, so this set is not a subgroup
of Z5.
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